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THE FRACTIONAL SCHRO¨DINGER EQUATION ON COMPACT
MANIFOLDS: GLOBAL CONTROLLABILITY RESULTS
ROBERTO DE A. CAPISTRANO-FILHO AND ADEMIR B. PAMPU
Abstract. The goal of this work is to prove global controllability and stabilization properties
for the fractional Schro¨dinger equation on d-dimensional compact Riemannian manifolds without
boundary (M, g). To prove our main results we use techniques of pseudo-differential calculus on
manifolds. More precisely, by using microlocal analysis, we are able to prove propagation of sin-
gularities results which together with Strichartz type estimates and unique continuation property
help us to achieve the main results of this work.
1. Introduction
1.1. Presentation of the model. The fractional Schro¨dinger equation is a fundamental equation
of fractional quantum mechanics. It was discovered by Laskin [21, 22] as a result of extending
the Feynman path integral, from the Brownian-like to Le´vy-like quantum mechanical paths. Addi-
tionally, the fractional Schro¨dinger equation plays an important role in the study of controllability
problems for three dimensional water wave systems, as it is shown in [38].
Our work will treat the global controllability and stabilization properties of the generalized
fractional Schro¨dinger equation on a compact Riemannian manifold (M,g) without boundary,
namely
(1.1)
{
i∂tu+ Λ
σ
gu = 0, on M×]0, T [,
u(x, 0) = u0(x), x ∈M,
where σ ∈ [2,∞), M is a compact Riemannian manifold with dimension d < [σ] + 1 and Λσg is
defined by
(√
−∆g
)σ
. Here, ∆g is the Laplace–Beltrami operator associated to the metric g and
[σ] is the integer part of σ.
It is important to point out that equation (1.1) can be seen as a generalization of the
Schro¨dinger equation when σ = 2 (see e.g. [10, 33]) or of the fourth-order Schro¨dinger equation if
σ = 4 (see, for instance, [29, 30]).
1.2. Setting of the problem. As mentioned before, our goal is to study global properties of
stabilization and, consequently, controllability for the generalized nonlinear fractional Schro¨dinger
equation on a compact Riemannian manifold. More precisely, we deal with the following system
(1.2)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = 0, on M×]0, T [,
u(x, 0) = u0(x), x ∈M.
Here, we consider P as a polynomial function with real coefficients and P ′ its derivative.
In order to determine if the system (1.2) is controllable in large time for a control supported in
a small open subset of M , we will study equation (1.2) from a control point of view with a forcing
term h = h(x, t) added to the equation as a control input
(1.3)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = h, on M×]0, T [,
u(x, 0) = u0(x), x ∈M,
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where h is assumed to be supported in ω×]0, T [ with ω a given open subset of M . Therefore, the
following classical issues related with the control theory are considered in this work:
Exact control problem: Given an initial state u0 and a terminal state v0, in a certain space,
can one find an appropriate control input h such that equation (1.3) admits a solution u satisfying
u(·, 0) = u0 and u(·, T ) = v0?
Stabilization problem: Can one find a feedback control law h = h(x, t) such that system (1.3)
is asymptotically stable as t→∞?
1.3. State of the art. When (1.3) is considered on a general compact Riemannian manifold M
is not of our knowledge any result about control theory. However, there are interesting results
in different domains when one considers σ = 2 or σ = 4 on Λσg =
(√
−∆g
)σ
, namely, nonlinear
Schro¨dinger equation (NLS) and fourth-order nonlinear Schro¨dinger equation (4NLS), respectively.
We will give a brief state of the arts to the reader, precisely, we will present a sample of the control
results for both cases.
1.3.1. Previous results for NLS. In what concerns the NLS equation on general compact Riemann-
ian manifolds, that is, system (1.3) with σ = 2, the first difficult arise in proving the uniform
well-posedness since the Strichartz estimates does not hold globally in time and it has a loss of
derivatives when compared with the euclidean case. However, this issue is now well understood
since the interesting article due to Burq et al. [5] (for an excellent review of this topic the authors
suggest that the reader see [5] and the references therein).
Taking advantage of the Strichartz estimates and propagation results of microlocal defect mea-
sures it was proved by Dehman et al. [12] that the celebrated Geometric Control Condition (GCC)
was sufficient to get controllability results for the NLS on two dimensional compact Riemannian
manifolds. More precisely, in [12], the authors showed that the following assumptions are sufficient
to get exact controllability result for solutions of (1.3) when σ = 2:
(A) The control function h is effective on a open set ω which geometrically controls M ; i.e.
there exists T0 > 0, such that every geodesic of M traveling with speed 1 and issued at
t = 0, enters the set ω in a time t < T0 .
(B) For every T > 0, the only solution lying in the space C[0, T ],H1(M)) of the system{
i∂tu+∆gu+ b1(x, t)u+ b2(x, t)u = 0, on M × (0, T ),
u = 0, on ω × (0, T ),
where b1, b2 ∈ L
∞ (0, T, Lp(M)) for some p > 0 large enough, is the trivial one u ≡ 0.
Remark 1. Assumption (A) is the so called geometric control condition (see e.g. [3]) and (B) is a
unique continuation condition. It is worth mentioning that as provided by Macia` in [27, 28], under
certain geometric assumptions, (A) is equivalent to assumption (B).
Considering compact Riemannian manifolds of dimension d ≥ 3, Strichartz estimates does not
yield uniform well posedness result at the energy level for the NLS equation, property which seems
to be very important to prove controllability results. In this way, Burq et al. in two works [6, 7]
managed to introduce the Bourgain spaces Xs,b on certain manifolds without boundary where the
bilinear Strichartz estimates can be showed and, consequently, they get the uniform well-posedness
for the NLS equation. Taking advantage of these results, Laurent [23] proved that (GCC) is suffi-
cient to prove the exact controllability for the NLS in Xs,b spaces on three-dimensional Riemannian
compact manifolds. Similarly of this work, we mention [31] and [24] where controllability results
were studied for the NLS in euclidean and periodic domains, respectively, relying on the properties
of the Bourgain spaces. Finally, observe that in the following three works [8, 19, 20] the authors
showed that although (GCC) is sufficient to get controllability results to the NLS equation, it is
not necessary.
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1.3.2. Previous results for 4NLS. Considering σ = 4, let us denote the fourth-order Schro¨dinger
equation as follows
(1.4) i∂tu+∆
2u = 0.
There are interesting results for equation (1.4) in the sense of control problems in a bounded domain
of R or Rn and, more recently, on a periodic domain T which we will summarize below.
The first result about the exact controllability of the linearized fourth order Schro¨dinger
equation (1.4) on a bounded domain Ω of Rn is due to Zheng and Zhongcheng in [36]. In this
work, by means of an L2–Neumann boundary control, the authors proved that the solution is exactly
controllable in Hs(Ω), s = −2, for an arbitrarily small time. They used Hilbert Uniqueness Method
(HUM) (see, for instance, [15, 26]) combined with the multiplier techniques to get the main result
of the article. More recently, in [37], Zheng proved another interesting problem related with the
control theory. To do this, he showed a global Carleman estimate for the fourth order Schro¨dinger
equation posed on a finite domain. The Carleman estimate is used to prove the Lipschitz stability
for an inverse problem consisting in retrieving a stationary potential in the Schro¨dinger equation
from boundary measurements.
Still on control theory Wen et al. in two works [34, 35], studied well-posedness and control
problems related with the equation (1.4) on a bounded domain of Rn, for n ≥ 2. In [34], they
considered the Neumann boundary controllability with collocated observation. With this result
in hand, the exponential stability of the closed-loop system under proportional output feedback
control holds. Recently, the same authors, in [35], gave positive answers when considered the
equation with hinged boundary by either moment or Dirichlet boundary control and collocated
observation, respectively.
To get a general outline of the control theory already done for the system (1.4), two interesting
problems were studied recently by Aksas and Rebiai [1] and Peng [17]: Uniform stabilization and
stochastic control problem, in a smooth bounded domain Ω of Rn and on the interval I = (0, 1) of R,
respectively. In the first work, by introducing suitable dissipative boundary conditions, the authors
proved that the solution decays exponentially in L2(Ω) when the damping term is effective on a
neighborhood of a part of the boundary. The results are established by using multiplier techniques
and compactness/uniqueness arguments. Regarding the second work, above mentioned, the author
showed Carleman estimates for forward and backward stochastic fourth order Schro¨dinger equa-
tions which provided the proof of the observability inequality, unique continuation property and,
consequently, the exact controllability for the forward and backward stochastic system associated
with (1.4).
Lastly, in [9], the first author showed the global stabilization and exact controllability prop-
erties of the fourth order nonlinear Schro¨dinger system
(1.5)
{
i∂tu+ ∂
2
xu− ∂
4
xu = λ|u|
2u+ f, (x, t) ∈ T× R,
u(x, 0) = u0(x), x ∈ T,
on a periodic domain T with internal control supported on an arbitrary sub-domain of T. More
precisely, by certain properties of propagation of compactness and regularity in Bourgain spaces,
for the solution of the associated linear system, the authors proved that system (1.5) is globally
exponentially stabilizable. This property together with the local exact controllability ensures that
4NLS is globally exactly controllable on T.
1.3.3. Additional comments of Schro¨dinger-like equation. It is interesting to mention that if we
consider the following control problem in L2
(
T
2
)
:
(1.6) ∂tu+ i|D|
σu = BϕF, 1 ≤ σ < 2,
where ϕ ∈ C∞
(
T
2
)
, |D|σ is the fractional laplacian defined in T2, B is a bounded operator on
L2
(
T
2
)
and F ∈ C([0, T ], H˙s(Td)) is complex valued, with H˙s
(
T
d
)
:= {f ∈ Hs
(
T
d
)
: π (Dx) f =
f}, s ∈ R, still have some interesting results in the literature. When σ = 1, system (1.6) is so-called
(half) wave equation. Considering B the identity operator, we have that system (1.6) is exactly
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controllable, if and only if the (GCC) is satisfied, and the prove can be adapted using the ideas of
[3, 4, 13].
Still regarding the control problems to the system (1.6), to finish this small sample of state
of the art, in an interesting article, Zhu [38] studied the exact controllability for spatially periodic
water waves with surface tension, by localized exterior pressures applied to free surfaces. He
showed that in any dimension, the exact controllability for (1.6) holds within an arbitrarily short
time, for sufficiently small and regular data, provided that the region of control satisfies the (GCC).
Additionally, was obtained that in the middle of the two typical cases 1 < α < 2, (GCC) is necessary
to prove the exactly controllability of (1.6) on T2.
1.4. Main results. Let us introduce the issues addressed in this work. We want to study the
stabilization and exact controllability for the generalized nonlinear fractional Schro¨dinger equation
on compact Riemannian manifolds
(1.7)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = 0, on M×]0, T [,
u(x, 0) = u0(x), x ∈M.
Remember that M is a compact Riemannian manifold without boundary of dimension d < [σ] + 1,
Λσg is defined by
(√
−∆g
)σ
, with σ ∈ [2,∞), and ∆g is the Laplace–Beltrami operator associated
to the metric g.
In (1.7), P is a polynomial function with real coefficients and P ′ its derivative satisfying the
following two properties
(1.8) P (0) = 0 and P (r)→∞ as r →∞
and
(1.9) P ′(r) ≥ C > 0, for every r ≥ 0.
The condition (1.8) means that the nonlinear term in (1.7) is defocusing and once we have it we
can assume (1.9) without loss of generality. Indeed, changing the unknown function u(·, t) in (1.7)
by eiλtu(·, t), the corresponding problem has the nonlinear term P ′ replaced by P ′ + C.
Note that for u0 ∈ H
σ
2 (M) system (1.7) admits a unique solution u ∈ C([0,+∞),H
σ
2 (M)).
This solution satisfies some integrability properties and Strichartz estimates which will be detailed
in the next section. Additionally, equation (1.7) displays two energy levels, namely: L2 energy (or
mass) and the nonlinear energy or H
σ
2−energy, given by
E(t) =
∫
M
|Λ
σ
2
g u(t)|
2dx+
∫
M
P (|u|2)dx.(1.10)
Our first result concerns global stabilization. To introduce the problem, let a = a(x) ∈ C∞(M)
be a real valued nonnegative function and consider the system
(1.11)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u− a(x)(1 −∆g)
−σ
2 a(x)∂tu = 0, on M × R+,
u(x, 0) = u0(x), x ∈M.
Also, pick ω an open subset of M and consider the two following assumptions, that were already
mentioned earlier:
(A) ω geometrically controls M , i.e there exists T0 > 0 , such that every geodesic ofM, travelling
with speed 1 and issued at t = 0 , enters the set ω at a time t < T0 .
(B) For every T > 0, the only solution lying in the space C(]0, T [,H
σ
2 (M)) of the system{
i∂tu+ Λ
σ
gu+ b1(t, x)u+ b2(t, x)u = 0, on M×]0, T [,
u = 0, on ω×]0, T [,
where b1, b2 ∈ C
∞((0, T ) ×M), is the trivial one u ≡ 0.
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In all article, ω will be related to a cut-off function a = a(x) ∈ C∞(M) (whose existence is
guaranteed by Whitney theorem) taking real values and such that
(1.12) ω = {x ∈M : a(x) 6= 0}.
Therefore, our strategy is first to prove that system (1.11) is well-posed in C([0,+∞),H
σ
2 (M)).
With this in hand, it is easy to check that its unique solution u = u(x, t) satisfies the energy identity:
(1.13) Eu(t2)−Eu(t1) = −2
∫ t2
t1
‖(1−∆g)
−σ
2 a(x)∂τu(τ)‖
2
L2(M)dτ, ∀t2 ≥ t1 ≥ 0.
Observe that for a(x) = 0 we have, by (1.13), the mass of the system is indeed conserved. However,
assuming the condition (1.12) on some nonempty open set ω of M , identity (1.13) states that we
have a possibility of an exponential decay of the solutions related of (1.11). In fact, by using the
techniques of microlocal analysis, the result that we are able to prove, for large data, can be read
as follows:
Theorem 1.1 (Stabilization). Let us consider the assumptions (A), (B) and (1.12) as above. For
every R0 > 0, there exist two constants C := C(R0) > 0 and γ > 0 such that inequality
(1.14) ‖u(t)‖
H
σ
2
≤ Ce−γt ‖u0‖H
σ
2
holds for every solution u = u(x, t) of the damped system (1.11) with initial data u0 satisfying
‖u0‖H
σ
2
≤ R0.
Now, to give an answer to the global control problem, we need first to prove a local exact
controllability result and to combine it with a global stabilization (Theorem 1.1) of the solutions
to get the global controllability of the following system
(1.15)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = h, on M×]0, T [,
u(x, 0) = u0(x), x ∈M.
Thus, in this spirit, we will prove the control property of (1.15) near to 0, that will be proved using
a perturbation argument introduced by Zuazua in [39]. To be precise, we will show the following
local controllability result:
Theorem 1.2 (Local controllability). Let ω ⊂M be an open set satisfying assumption (A). There
exists ǫ > 0 such that for any u0 ∈ H
σ
2 (M) with
‖u0‖H
σ
2 (M)
≤ ǫ,(1.16)
one can find a control input h ∈ C([0, T ];H
σ
2 (M)), with support in [0, T ]× ω, such that the unique
solution u ∈ C([0, T ];H
σ
2 (M)) of the system (1.15) satisfies u(·, T ) = 0.
Finally, with Theorems 1.1 and 1.2 in hand, the following global exact controllability result
for the generalized fractional Schro¨dinger equation is established.
Theorem 1.3 (Global controllability). Let ω ⊂M be an open set satisfying assumptions (A) and
(B). Then, for every R0 > 0, there exists T (R0) := T > 0 such that for every data u0 and v0 in
H
σ
2 (M) satisfying
‖u0‖H
σ
2 (M)
≤ R0 and ‖v0‖H
σ
2 (M)
≤ R0,(1.17)
there exists a control h ∈ C([0, T ];H
σ
2 (M)), with support in [0, T ]×ω, such that the unique solution
u ∈ C([0, T ];H
σ
2 (M)) of the system
(1.18)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = h˜, on M×]0, T [,
u(x, 0) = u0(x), x ∈M,
where
h˜ =
{
h if 0 ≤ t ≤ T,
0 if t ≥ T,
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satisfies u(·, T ) = v0.
Additionally, if u0 and v0 ∈ H
s(M), for s > σ2 , are small enough, we have that h ∈
C([0, T ];Hs(M)) and u ∈ C([0, T ];Hs(M)).
Remark 2. Note that assumption (B) is not necessary to get the controllability result for small data.
However, our argument to prove Theorem 1.3 combine Theorem 1.1 with a fixed point argument,
which justifies the necessity of assumption (B) in Theorem 1.3.
1.5. Heuristic and structure of the paper. In this article, our goal is to give an answer for
the two control problems mentioned at the beginning of this introduction. In the context presented
here, our results give a generalization of the following two works [9, 11]. Precisely, when we consider
σ = 2, we recovered the result proved by Dehman et al. for Schro¨dinger equation. On the other
hand, when we consider σ = 4 and d = 1, we can use the torus T instead of the manifold M to get
the result proved by Capistrano-Filho and Cavalcante in [9] (see our concluding Section 6). Thus,
this work give us more general results towards the dimension of the manifolds and more general
answers for the control problem for Schro¨dinger-like equations.
Let us describe briefly the main arguments of the proof of the theorems presented in the
previous subsection. In the first result of the manuscript, we will show that assuming assumptions
(A) and (B), system (1.11) is asymptotically stable, that is, Theorem 1.1 holds. To do this, we
generalize the ideas introduced in [11] for the fractional Schro¨dinger operator, in other words, we
apply microlocal analysis in a general context to achieve the result.
To show the local control results (Theorem 1.2), it is necessary assumption (A), and it implies
that the linear system associated to (1.18) is controllable. In this case, the main point is to use
the well-known unique continuation principle proved by Ho¨rmander [18, Theorem 17.2.6]. With
the linear control result, by using fixed point argument for initial and final data small enough, we
can prove that assumption (A) implies the local controllability for the nonlinear system (1.15).
Here, it is important to point out that, we do not use any result of unique continuation property
(assumption (B)) to prove the local controllability results. In addition, with more regularity in the
initial data, the control preserves this regularity.
Lastly, about the control result for large data (Theorem 1.3), the proof is a combination of
a global stabilization result (Theorem 1.1) and the local control result (Theorem 1.2), as is usual
in control theory, see e.g. [11, 12, 23, 24]. It is important to mention the relationship between
assumption (A) and the controllability and stabilization problems is not an immediate consequence
of [11], for the fractional Schro¨dinger model.
To end the introduction, we present the outline of our manuscript: Section 2 is to establish
estimates needed in our analysis, namely, Strichartz estimates and also prove the existence of
solution for the nonlinear fractional Schro¨dinger equation with source and damping terms (1.11).
Next, Section 3, propagation of regularity and unique continuation property are proved and, with
this in hand, Sections 4 and 5 are aimed to present the proof of Theorems 1.1 and 1.2, respectively.
We also present in the Section 6 concluding remarks and open problems. Finally, on Appendix A,
we collect the result of propagation for solutions of the linear fractional Schro¨dinger equation and
pseudo-differential calculus on manifolds, which were used throughout the paper.
2. Cauchy problem for the fractional Schro¨dinger equation
In this section, the Strichartz estimates for the linear equation are revisited, these estimates
play a crucial role in the whole work. Consider σ ∈ [2,∞) and (M,g) a smooth compact Riemannian
manifold without boundary. Here, as mentioned in the introduction, ∆g is the Laplace-Beltrami
operator associated to the metric g and Λσg =
(√
−∆g
)σ
. The following result is borrowed from [5]
and [14].
Proposition 2.1 (Strichartz estimates). In the conditions above, let I ⊂ R be a bounded interval
and (p, q) such that
p ∈ [2,∞], q ∈ [2,∞) (p, q, d) 6= (2,∞, 2),
2
p
+
d
q
=
d
2
(2.1)
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then, there exists C > 0 such that
‖eitΛ
σ
g u0‖Lp(I;Lq(M)) ≤ C‖u0‖
H
1
p (M)
.(2.2)
Moreover, if u = u(x, t) is a weak solution of{
i∂tu+ Λ
σ
gu = F, on M × I,
u(x, 0) = u0(x), x ∈M,
then,
‖u‖Lp(I;Lq(M)) ≤ C
(
‖u0‖
H
1
p (M)
+ ‖F‖
L1
(
I;H
1
p (M)
)
)
.(2.3)
With these Strichartz estimates in hand, we are able to infer that the Cauchy problem
(2.4)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = h, on M × R+,
u(x, 0) = u0(x), x ∈M,
is globally well posed on compact Riemannian manifolds without boundary. More precisely, the
result can be read as follows.
Theorem 2.1. Let σ ∈ [2,∞) and (M,g) be a compact smooth manifold of dimension d. Then
given P a polynomial function with degree d◦P ≥ 1, satisfying conditions (1.8) and (1.9), such that
s >
d
2
−
1
max{2d◦P − 1, 2}
, s ∈ R,
for every u0 ∈ H
s(M) and h ∈ L1loc(R;H
s(M)) there exists T > 0 and a unique solution u = u(x, t)
of (2.4) with the following regularity
u ∈ C([0, T ];Hs(M)).
Moreover, if d < [σ] + 1 and s ≥ σ2 the solution is global in time and
u ∈ Lp(0, T ;L∞(M)),
for every p <∞ and for all T <∞.
Proof. Let T > 0 and pick p > max{β − 1, 2}, where β = 2d◦P , such that s > d2 −
1
p
and consider
YT = C([0, T ];H
s(M)) ∩ Lp([0, T ];Wα,q(M)),(2.5)
where q is given by 2
p
+ d
q
= d2 and α = s−
1
p
> d
q
. Consider in YT the following norm
‖u‖YT = max
0≤t≤T
‖u(t)‖Hs(M) + ‖(1 −∆g)
α
2 u‖Lp([0,T ];Lq(M)).
Observe that YT ⊂ L
p([0, T ];L∞(M)) by Sobolev embeddings. Due to the Duhamel formula,
we have to prove that the operator
Φ(u)(t) = eitΛ
σ
g u0 − i
∫ t
0
ei(t−s)Λ
σ
g [P ′(|u|2)u− h](τ)dτ,
has a fixed point. In fact, by using Strichartz estimates given in (2.3), we get that
‖Φ(u)‖YT ≤ C
(
‖u0‖Hs(M) +
∫ T
0
‖P ′(|u|2)u(τ)− h(τ)‖Hs(M)dτ
)
≤ C
(
‖u0‖Hs(M) + ‖h‖L1([0,T ];Hs(M)) +
∫ T
0
(1 + ‖u‖β−1
L∞(M))‖u(τ)‖Hs(M)dτ
)
(2.6)
≤ C
(
‖u0‖Hs(M) + ‖h‖L1([0,T ];Hs(M)) + T
γ(1 + ‖u‖β−1YT )‖u‖L∞([0,T ];Hs(M))
)
,
where γ = 1− β−1
p
. Similarly, for every u, v ∈ YT ,
‖Φ(u)− Φ(v)‖YT ≤ CT
γ(1 + ‖u‖β−1YT + ‖v‖
β−1
YT
)‖u− v‖YT .(2.7)
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To conclude, consider Φ defined in a closed ball
BR = {u ∈ YT ; ‖u‖YT ≤ R},
with R,T > 0 small enough. Thanks to (2.6) and (2.7), Φ is a contraction and, thus, has a unique
fixed point, i.e., (2.4) has a local solution defined in a maximal interval [0, T ]. Arguing as in (2.7),
if r ≥ σ2 , u0 ∈ H
r(M) and h ∈ L1loc(0, T ;H
r(M)), we get that
‖Φ(u)− Φ(0)‖L∞(0,T ;Hr(M)) ≤ CT
γ (1 + ‖u‖YT ) ‖u‖L∞(0,T ;Hr(M)),
which ensures that (2.4) has a local solution u ∈ L∞(0, T ;Hr(M)).
Next, let us prove that if s ≥ σ2 , u = u(x, t) solution of (2.4) is global in time. To see this, we
consider the energy functional E(t) defined by (1.10). Thus, for every T > 0, observe that
E(T ) ≤ E(0) +
∫ T
0
∫
M
|Λ
σ
2
g u||Λ
σ
2
g h|dxdt+
∫ T
0
∫
M
|P ′(|u|2)u||h|dxdt.
Let us to bound the last integral. Denoting α1 =
β′
β′−1 , where β
′ = 2d◦P and 1
α1
+ 1
µ
= 1, we
estimate the last integral as follows∫ T
0
∫
M
|P ′(|u|2)u||h|dxdt ≤
∫ T
0
[∫
M
|P ′(|u|2)u(t)|α1dx
] 1
α1
‖h(t)‖Lµ(M)dt
≤ C
∫ T
0
[
1 +
∫
M
|u(t)|β
′
dx
]
‖h(t)‖
H
σ
2 (M)
dt
≤ C
∫ T
0
[
1 +
∫
M
P (|u|2)dx
]
‖h(t)‖
H
σ
2 (M)
dt.
Thus, we get the following
E(T ) ≤ E(0) + C
∫ T
0
(1 + E(t))‖h(t)‖
H
σ
2 (M)
dt.
An application of Gronwall inequality give us that E(t) is uniformly bounded, hence u = u(x, t),
solution of (2.4), is global in time. Moreover, since u ∈ YT , for every T > 0, we have that
u ∈
⋂
p<∞L
p
loc(R;L
∞(M)).
To finish our proof, it remains to show that the solution is unique in C([0, T ];Hs(M)), for
s ≥ σ2 . Consider u and v solutions of (2.4). Therefore, we have that u− v satisfies
(2.8)
{
i∂t(u− v) + Λ
σ
g (u− v) = P
′(|v|2)v − P ′(|u|2)u, (x, t) ∈M×]0, T [,
(u− v)(0) = 0, x ∈M.
By hypothesis over d, that is, d < [σ] + 1, we have that H
σ
2 (M) →֒ Lq(M) for every q ∈ [2,∞), if
d = σ and H
σ
2 (M) →֒ L∞(M), if d < [σ]. From (2.8) follows that
‖u− v‖L∞(0,T ;L2(M)) ≤ C
∫ T
0
∫
M
∣∣P ′(|u|2)u− P ′(|v|2)v∣∣ |u− v|dt
≤ C(u, v)T‖u − v‖L∞(0,T ;L2(M)),
where C(u, v) > 0 denotes a constant depending on u and v. Hence, for T ′ > 0 small enough, we
conclude that u = v on ]0, T ′[×M , iterating this result we get that u = v on ]0, T [×M . 
Remarks 1. The following remarks are now in order.
i. Observe that, by using estimate (2.6) with T < 1 small, if the constant C is big enough
yields that
‖u‖YT ≤ C
(
‖u0‖Hs(M) + ‖h‖L1(0,T ;Hs(M)) + ‖u‖
β
YT
)
.
Therefore, if ‖u0‖Hs(M)+‖h‖L1(0,T ;Hs(M)) is small enough, we can conclude, by a boot-strap
argument, that
‖u‖YT ≤ C(‖u0‖Hs(M) + ‖h‖L1(0,T ;Hs(M))).
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ii. From the proof of Theorem 2.1 we can conclude that the solution u ∈ C(R+;H
σ
2 (M)) of
(2.4) is such that u ∈ Lp(0, T ;L∞(M)), for all T > 0. Hence, we have that P ′(|u|2)u ∈
L2(0, T ;H
σ
2 (M)), for all T > 0 and arguing as in (2.6) we have, if h = 0, the following
estimate
‖P ′(|u|2)u‖
L2(0,T ;H
σ
2 (M))
≤ C(T )
(
‖u‖2YT + ‖u‖
2β
YT
)
,
for all T > 0.
Finally, to finish this section, let us prove a result that ensure the existence of solutions for
the nonlinear fractional Schro¨dinger equation with damping term, that is, changing h by a(x)(1−
∆g)
−σ
2 a(x)∂tu in the system (2.4), the result is the following one.
Theorem 2.2. Let σ ∈ [2,∞) and (M,g) be a compact Riemannian manifold of dimension d <
[σ] + 1. Then given P ′ a polynomial function satisfying conditions (1.8)- (1.9), u0 ∈ H
σ
2 (M)
and a = a(x) ∈ C∞(M) a non-negative real valued function, then there exists an unique u ∈
C(R+;H
σ
2 (M)) solution of the system
(2.9)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u− a(x)(1 −∆g)
−σ
2 a(x)∂tu = 0, on M × R+,
u(x, 0) = u0(x), x ∈M.
Proof. We claim that:
The operator Jv = (1−ia(x)(1−∆)−
σ
2 a(x))v is a pseudo-differential operator of order 0 which
defines an isomorphism on Hs(M), for s ∈ R, in particular, on Lp(M).
Indeed, note that we can write J as J = I + J1, where J1 is an anti-self-adjoint operator in
L2(M) (we refer the reader to the Appendix A for an introduction of such kind of operators), thus
J is an isomorphism in L2(M) and, due to the ellipticity, in Hs(M), for s > 0. Note that J is an
isomorphism for every s ∈ R, by duality.
With this information in hand, system (2.9) can be written as follows

∂tv − iΛ
σ
g v −R0v − iP
′(|u|2)u = 0, on M×]0, T [,
v = Ju, on M×]0, T [,
v(0) = v0 = Ju0 ∈ H
σ
2 (M), on M,
where R0 = −iΛ
σ
g + iΛ
σ
gJ
−1 is a pseudo-differential operator of order 0. Observe that, by the
Duhamel formula, as in the previous proof, the functional
Φ(v)(t) = eitΛ
σ
g v0 +
∫ t
0
ei(t−τ)Λ
σ
g [R0v − P
′(|u|2)u]dτ(2.10)
has a fixed point, considering Φ defined in a suitable ball of the space YT defined in (2.5), with
s = σ2 , which provides the local existence. Considering the functional E(t) defined in (1.10) we
have that
E(t) ≤ E(0),∀t ∈ [0, T ],
which guarantees that this solution is global in time. The uniqueness can be proved as in Theorem
2.1, and the proof is complete. 
3. Propagation of regularity and unique continuation property
We begin this section proving a result of propagation of regularity for solutions to the linear
fractional Schro¨dinger equation, which were used throughout the paper. The main ingredient is
basic pseudo-differential analysis.
Proposition 3.1. Let u ∈ C([0, T ];H
σ
2 (M)) be a solution of
i∂tu+ Λ
σ
gu = f,
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with f ∈ L2loc(]0, T [;H
σ
2 (M)) and consider ω ⊂ M an open set satisfying assumption (A). If
u ∈ L2(]0, T [;H
σ
2
+ρ(ω)) for some ρ ≤ 12 then
u ∈ L2(]0, T [;H
σ
2
+ρ(M)).
In particular, if u ∈ C∞(]0, T [×ω), then u ∈ C∞(]0, T [×M).
Proof. Observe that for every ω0 = (x0, ξ0) ∈ T
∗M\{0}, with x0 ∈ ω, we can consider φ(x,Dx) a
zero order pseudo-differential operator elliptic at ω0 and, such that,
φ(x,Dx)u ∈ L
2
loc(0, T ;H
σ
2
+ρ(M)).
The result will be proved by using elliptic regularity and assumption (A), showing that for every
ω1 ∈ Γω0 , Γω0 a geodesics of M starting at ω0 and traveling with speed 1, one has that there
exists ψ(x,Dx) a pseudo-differential operator of order 0, elliptic at ω1, such that ψ(x,Dx)u ∈
L2loc(0, T ;H
σ
2
+ρ(M)).
First, consider B(x,Dx) a tangencial pseudo-differential operator on M of order 2s− (σ− 1),
where s = σ2 + ρ and ϕ ∈ C
∞
0 (]0, T [). Then, A(t, x,Dx) = ϕB(x,Dx) is a tangencial pseudo-
differential operator of order 2s − (σ − 1). Now, regularize u by introducing the sequence un =(
1− 1
n
∆g
)−2
u and denote L = i∂t +Λ
σ
g , thus we have
(Lun, Aun)L2(0,T ;L2(M)) − (Aun, Lun)L2(0,T ;L2(M)) = ([A,Λ
σ
g ]un, un)L2(0,T ;L2(M))
−i(ϕ′Bun, un)L2(0,T ;L2(M)),
which leads to
([A,Λσg ]un, un)L2(0,T ;L2(M)) = (Lun, Aun)L2(0,T ;L2(M)) − (Aun, Lun)L2(0,T ;L2(M))
+i(ϕ′Bun, un)L2(0,T ;L2(M)).
(3.1)
We need to bound the terms that appears in (3.1), which will give us that
([A,Λσg ]un, un)L2(0,T ;L2(M)) =
∫ T
0
ϕ(t)([B,Λσg ]un, un)L2(M)dt(3.2)
is uniformly bounded with respect to n ∈ N. Indeed, to estimate (3.1) we observe that
|(Lun, Aun)| ≤ ‖Lun‖
L1
(
0,T ;H−s+
1
2 (M)
)‖Aun‖
L∞
(
0,T ;Hs−
1
2 (M)
)
≤ C‖un‖L∞(0,T ;Hr(M))‖Lun‖L1(0,T ;Hr(M)),
where we have used that
A : L∞(0, T ;Hs−σ−
1
2 (M))→ L∞(0, T ;H−s+
1
2 (M)),
is a continuous linear operator and ρ ≤ σ + 12 . The other terms in (3.1) can be analogously
estimated, then we will omit the details.
Now, take ω1 ∈ Γω0 , U and V two small conic neighborhoods of ω1 and ω0, respectively. As
observed in Remark 3 (see Appendix A) , for every symbol c = c(x, ξ) of order s and supported in
U there exists a symbol b(x, ξ) of order 2s− σ+1 and a symbol r(x, ξ) of order 2s supported in V
such that
1
i
{|ξ|σx, b} = |c(x, ξ)|
2 + r(x, ξ).
If we choose c elliptic in ω1 then we conclude that∫ T
0
‖c(x,Dx)un(t)‖
2
L2(M)dt ≤ C.
Lastly, defining ψ(x,Dx) = (1 − ∆g)
− s
2 c(x,Dx) we get the desired result, and so the proof is
finished. 
We come now to prove that the solutions of the fractional Schro¨dinger equation when start
smooth in a sub-domain ω of M keep smooth in M , the result is read as follows.
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Corollary 3.1. Assume that ω ⊂ M is an open set satisfying assumption (A). Consider u ∈
C(]0, T [;H
σ
2 (M)) solution of
(3.3)
{
i∂tu+Λ
σ
gu+ P
′(|u|2)u = 0, on M×]0, T [,
u(x, 0) = u0(x), x ∈M,
such that u ∈ L2(0, T ;H
σ
2
+ρ(ω)), for some ρ > 0. Then, u ∈ C(]0, T [;H
σ
2
+ρ(M)). In particular, if
u ∈ C∞(]0, T [×ω), then u ∈ C∞(]0, T [×M).
Proof. The result holds if we show that
u ∈ L2loc(0, T ;H
σ
2
+ρ(M)).
Indeed, choosing t0 ∈]0, T [ such that u(·, t0) ∈ H
σ
2
+ρ(M) and solving (3.3) with this initial data,
by uniqueness of solution, we have that u ∈ C([0, T ];H
σ
2
+ρ(M)). As observed on the item ii. of
the Remark 1, P ′(|u|2)u ∈ L2(0, T ;H
σ
2 (M)). Now, we are in the conditions of the Proposition 3.1,
then we conclude that u ∈ L2loc(0, T ;H
σ
2
+ρ(M)) as desired, and thus, the proof of the corollary is
complete. 
We finish this section with a unique continuation property for the fractional Schro¨dinger
equation.
Corollary 3.2. Let ω ⊂M be an open set satisfying assumptions (A) and (B). Consider
u ∈ C([0, T ];H
σ
2 (M))
solution of
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = 0(3.4)
such that ∂tu = 0 on ]0, T [×ω, then u = 0 on ]0, T [×M .
Proof. Observe that u satisfies the equation
Λσgu+ P
′(|u|2)u = 0, on ]0, T [×ω.
Since Λσg is an elliptic pseudo-differential operator we have u ∈ C
∞(]0, T [×ω). Hence, by using
Proposition 3.1, follows that u ∈ C∞(]0, T [×M). Thus, taking the time derivative of (3.4) and
defining v := ∂tu, we see that v satisfies the following system{
i∂tv + Λ
σ
g v + b1(t, x)v + b2(t, x)v = 0, (x, t) ∈M×]0, T [,
v = 0, (x, t) ∈ ω×]0, T [,
with b1, b2 ∈ C
∞(]0, T [×M). Therefore, by assumption (B), we get v = ∂tu = 0 on ]0, T [×M . We
conclude the proof multiplying equation (3.4) by u and integrating over M , then∫
M
|Λ
σ
2
g u|
2dx+
∫
M
P ′(|u|2)|u|2dx = 0,
which yields u ≡ 0, thanks to (1.9). This finishes the proof of Corollary 3.2. 
4. Stabilization for the fractional Schro¨dinger equation
The main goal of this section is to prove Theorem 1.1. First, observe that solution u ∈
C(R+;H
σ
2 (M)) of (1.11) obtained in Theorem 2.2 satisfies the semigroup property. Thus, in view
of the energy identity (1.13), Theorem 1.1 is a consequence of the following observability inequality.
Proposition 4.1. Under assumptions of Theorem 1.1, for every T > 0 there exists a constant
C > 0 such that the inequality
Eu(0) ≤ C
∫ T
0
‖(1 −∆g)
−σ
2 a(x)∂tu(t)‖
2
L2(M)dt(4.1)
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holds for every solution u = u(x, t) of the damped system (2.9) with the initial data u0 satisfying
‖u0‖H
σ
2 (M)
≤ R0,
for some R0 > 0.
Proof. We argue by contradiction. Suppose that (4.1) is not true, then there exists a sequence
{un} := {un}n∈N of solutions to (2.9) such that
‖un(0)‖H
σ
2 (M)
≤ R0(4.2)
and ∫ T
0
‖(1 −∆g)
−σ
2 a(x)∂tun(t)‖
2
L2(M)dt ≤
1
n
Eun(0).(4.3)
Denote αn = (Eun(0))
1
2 . Thanks to (4.2), we have that (αn) is bounded, thus, we can extract a
subsequence such that
αn −→ α
We split the analysis into two cases: α > 0 and α = 0.
First case: αn −→ α > 0.
By using the fact that the energy decreasing, we have (un) is bounded in L
∞(0, T ;H
σ
2 (M)).
Additionally,
∂tun = J
−1
(
iΛ
σ
2
g un + iP
′(|un|
2un)
)
,
where J is defined in Theorem 2.2, hence {un} is bounded in C
1([0, T ];D′(M)). Therefore, we find
a subsequence of {un}, still denoted by the same index, such that, for every t ∈ [0, T ],
un(t)⇀ u(t),
for some u ∈ Cw([0, T ];H
σ
2 (M)). Taking into account (4.3) and passing to the limit in the system
(2.9) we get that u satisfies
(4.4)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = 0, on M×]0, T [,
∂tu = 0, on ω×]0, T [.
Moreover, by using Remark 1 item ii., if u ∈ L∞(0, T ;H
σ
2 (M)) is a solution of (4.4) then u ∈
Lp(0, T ;L∞(M)), for every p <∞, and the nonlinear term P ′(|u|2)u lies in L2(0, T ;H
σ
2 (M)).
By Duhamel formula and the uniqueness of the Cauchy problem for the fractional Schro¨dinger
equation we conclude that u ∈ C([0, T ];H
σ
2 (M)). Note that, taking into account assumption (B)
and Theorem 3.2, the unique solution of (4.4) is the trivial one u ≡ 0. Hence, {un} weakly converges
to 0. A consequence of this convergence is that
Q(|un|
2)un = P
′(|un|
2)un − P
′(0)un −→ 0,
strongly in L2(0, T ;H
σ
2 (M)). On the other hand, by the contradiction hypothesis,
a(x)(1 −∆g)
−σ
2 a(x)∂tun −→ 0,
strongly in L2(0, T ;H
σ
2 (M)). Summarizing, we get
sup
t∈[0,T ]
‖un(t)‖L2(M) −→ 0,
sup
t∈[0,T ]
‖un(t)‖H
σ
2 (M)
≤ C
and
i∂tun + Λ
σ
gun + P
′(0)un −→ 0,
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with the last convergence in L2(0, T ;H
σ
2 (M)). Therefore, we are in the conditions of Proposition
A.1 and, then we can conclude that
un −→ 0,
in L∞(0, T ;H
σ
2 (M)), which is a contradiction with the hypothesis α > 0.
Second case: αn −→ α = 0.
Set {vn}n∈N := {vn} =
{
un
αn
}
. The new function satisfies
(4.5) i∂tvn + Λ
σ
g vn + P
′(|αnvn|
2)vn − a(x)(1 −∆g)
σ
2 ∂tvn = 0, on M×]0, T [
and the estimate ∫ T
0
‖(1−∆g)
−σ
4 ∂tvn‖
2
L2(M)dt ≤
1
n
(4.6)
while ‖vn(0)‖H
σ
2 (M)
≃ 1. Note that {vn} is bounded in L
∞(0, T ;H
σ
2 (M)) and, by (4.5), we have
{vn} bounded in C
1([0, T ];D′(M)). Hence, it admits a subsequence, still denoted by {vn}, such
that, for every t ∈ [0, T ],
vn(t)⇀ v(t),
for some v ∈ Cw([0, T ];H
σ
2 (M)).
Next, applying an estimate like presented in Remark 1 item ii. to (4.5), we get
‖vn‖YT ≤ C(1 + α
µ
n‖vn‖
β
YT
),
where µ = 2d◦P ′ and β = 2d◦P − 1. Observe that ‖vn‖YT depends continuously on T and is
bounded for T = 0. To conclude the proof we need to apply a boot-strap argument. Note that
F (t) := ‖vn‖Yt (fixing n ∈ N) satisfies
F (t) ≤ C(1 + αµnF (t)
β).
Now, we are in the condition of [2, Lemma 2.2], since Cαn → 0 and F (0) = ‖v0n‖H
σ
2 (M)
is uniformly
bounded with respect to n ∈ N, or equivalently,
F (0) = ‖v0n‖H
σ
2 (M)
≤ C,∀n ∈ N.
Thus, taking n ≥ n0, for some n0 large enough, we get that
F (0) ≤
1
βα
µ
β−1
n
,
which yields
‖vn‖YT ≤ C,
that is, ‖vn‖YT is uniformly bounded in n ∈ N and, therefore by Proposition A.2,
Q(|αnvn|
2)vn −→ 0 in L
2([0, T ];H
σ
2 (M)).
Then, v satisfies {
i∂tv + Λ
σ
g v + P
′(0)v = 0, on M×]0, T [,
∂tv = 0, on ω×]0, T [.
Thanks to the uniqueness of the Cauchy problem for the linear fractional Schro¨dinger equation, we
have that v ∈ C([0, T ];H
σ
2 (M)), and so, v = 0 by unique continuation property.
Finally, at this point, we can argue as in the first case: Applying Proposition A.1 we have
that vn → 0 strongly in C([0, T ];H
σ
2 (M)), which is a contradiction since ‖v0n‖H
σ
2 (M)
≃ 1, thus
achieving the proof. 
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5. Exact controllability for the fractional Schro¨dinger equation
In this section we prove the exact controllability at level Hs(M), with s ≥ σ2 , for the nonlinear
fractional Schro¨dinger equation, namely
(5.1)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = h, on M×]0, T [,
u(x, 0) = u0(x), x ∈M.
To achieve that issue, we use the classical duality approach [15, 26], which reduces the controllability
problem associated to system (5.1) to prove an observability inequality by using the so-called
“Compactness-Uniqueness Argument” due to J.-L. Lions [26] for solutions of the following linear
system
(5.2)
{
i∂tu+ Λ
σ
gu = h, on M×]0, T [,
u(x, 0) = u0(x), x ∈M.
Finally, with the linear control problem in hand, the idea is to consider the control operator
associated to the nonlinear problem as a perturbation of the control operator associated to the
linear one.
5.1. Controllability for the linear fractional Schro¨dinger equation. The goal here is to
prove the controllability for the following linear system,
(5.3)
{
i∂tu+ Λ
σ
gu = h˜, on M×]0, T [,
u(x, 0) = u0(x), x ∈M.
Note that to show the results of this subsection we only need the set ω ⊂M , where the control
is effective, satisfying the assumption (A). It is important to note that the compactness-uniqueness
argument reduces the problem to prove a unique continuation property (UCP) for solutions of
(5.3), however, (UCP) required in this case is derived from the properties of second order elliptic
operators due to Ho¨rmander [18].
We are now in a position to prove the observability inequality associated to (5.3). The result
can be read as follows.
Proposition 5.1. Let ω ⊂ M be an open set satisfying the assumption (A) and ϕ ∈ C∞(M)
a real valued function such that ϕ ≡ 1 on ω. Then, for every T > 0, there exists a constant
C = C(T ) > 0 such that, for every solution of system (5.3), with s ≥ σ2 , h˜ = 0 and initial data
u(0) = u0 ∈ H
−s(M), we have the following inequality
‖u0‖
2
H−s(M) ≤ C
∫ T
0
‖ϕu(t)‖2H−s(M)dt.(5.4)
Proof. We split the proof into three steps, first we will prove an auxiliary inequality.
Step 1. We start by proving the following estimate
‖u0‖
2
H−s(M) ≤ C
(∫ T
0
‖ϕu(t)‖2H−s(M)dt+ ‖(1−∆g)
− s
2
−σ
4 u0‖
2
H−s(M)
)
,(5.5)
for s ≥ σ2 and u solution of (5.3).
We argue by contradiction, suppose that (5.5) does not occur. Then, there exists a sequence
{un} := {un}n∈N of solution of (5.3) satisfying
(5.6) ‖un0‖H−s(M) = 1,
for all n ∈ N. Additionally, we have, when n→∞, that
ϕun → 0 in L2(0, T ;H−s(M))(5.7)
and
‖(1 −∆g)
− s
2
−σ
4 un0‖H−s(M) → 0.(5.8)
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Note that un is bounded in L∞(0, T ;H−s(M)). By using the first equation of (5.3), with
h˜ = 0, we have i∂tu
n = −Λσgu
n and, consequently, ∂tu
n is bounded in L∞(0, T ;H−s−σ(M)). So,
we may extract a subsequence (still denoted {un}) such that, for every t ∈ [0, T ],
un(t)⇀ u(t) weakly in H−s(M),
for some u ∈ L∞(0, T ;H−s(M)). Thanks to (5.8) the sequence of initial data converges to 0, so we
can conclude, by passing the limit on (5.3), that u ≡ 0.
Now, let us introduce wn := (1−∆g)
− s
2
−σ
4 un, n ∈ N, so {wn} satisfies the equation (5.3) and
wn(t) converges weakly to 0 in H
σ
2 (M), hence strongly to zero in L2(M), for every t ∈ [0, T ]. Note
that by definition of {wn}, we have the following
ϕwn = ϕ(1−∆g)
− s
2
−σ
4 un
= (1−∆g)
− s
2
−σ
4 (ϕun) + [ϕ, (1 −∆g)
− s
2
−σ
4 ](1−∆g)
s
2
+σ
4wn
:= I1 + I2.
By using (5.7) and that (1−∆g)
− s
2
−σ
4 is a continuous linear operator, it follows that
I1 −→ 0 in L
2(0, T ;H
σ
2 (M)).
On the other hand, since [ϕ, (1 −∆g)
− s
2
−σ
4 ](1 −∆g)
s
2
+σ
4 is a pseudo-differential operator of order
−1, we have that
I2 −→ 0 in L
2(0, T ;H
σ
2 (M)).
These convergences yields that
wn −→ 0 in L
2(0, T ;H
σ
2 (ω)).
Therefore, thanks to Proposition A.1, we get wn → 0 in L
∞(0, T ;H
σ
2 (M)), which means that
un → 0 in L∞(0, T ;H−s(M)), a contradiction with ‖un(0)‖H−s(M) = 1. Thus, (5.5) holds.
Step 2. Consider
N (T ) = {u0 ∈ H
−s(M) : ϕu = 0 on ]0, T [×M}.
We claim that N (T ) = {0}.
Indeed, first we note that assumption (A) and Proposition 3.1 ensures that N (T ) ⊂ C∞(M)
and u vanishes on ω. Since the Laplace operator commutes with the linear equation (5.3), with
h˜ = 0, we have
i∂t(∆gu) + Λ
σ
g (∆gu) = 0
and
∆gu(0) = ∆gu0,
from which we can conclude that ∆g(N (T )) ⊂ N (T ). On the other hand, by (5.5) we have that
‖u0‖
2
H−s(M) ≤ C‖(1−∆g)
− s
2
−σ
4 u0‖
2
H−s(M),
which means that N (T ) is finite dimensional subspace. Then if N (T ) 6= {0} there would exist
z0 ∈ C and u0 ∈ N (T ) such that
∆gu0 + z0u0 = 0 on ω.
Therefore, by unique continuation theorem for second order elliptic operators (see [18, Theorem
17.2.6]), we conclude u0 = 0 on M , a contradiction. Thus, N (T ) = {0}.
Step 3. The last step is to remove the second term on the right hand side of (5.5), that is to
show (5.4).
In fact, let us again argue by contradiction. Suppose that (5.4) does not hold, thus there exists
a sequence {un0} = {u
n
0}n∈N such that
(5.9) ‖un0‖H−s(M) = 1
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and
(5.10)
∫ T
0
‖ϕun(t)‖
2
H−s(M)dt→ 0.
Since (1−∆g)
− s
2
−σ
4 is a compact operator on H−s(M) we may extract a subsequence, still denoted
by the same index, such that
(1−∆g)
− s
2
−σ
4 un0 → (1−∆g)
− s
2
−σ
4 u0 in H
−s(M),(5.11)
for some u0 ∈ H
−s(M). Consider u solution of (5.3) with initial data u0. By using (5.10) we get
that ∫ T
0
‖ϕu(t)‖2H−s(M)dt = 0,
that is, ϕu = 0 on ]0, T [×M . Therefore, it follows that u0 ∈ N (T ) = {0}.
Finally, by Step 1, we have
‖un0‖
2
H−s(M) ≤
∫ T
0
‖ϕun(t)‖
2
H−s(M)dt+ C‖(1−∆g)
− s
2
−σ
4 un0‖
2
H−s(M).(5.12)
This inequality combined with (5.11) give us that
1 = ‖un0‖
2
H−s(M) → 0,
which is a contradiction. Therefore, Proposition 5.1 is proved. 
Let us now give a first answer for the controllability problem for the linear problem proposed
in this article.
Theorem 5.1. Under the assumptions of Proposition 5.1, for every initial data u0 ∈ H
s(M), with
s ≥ σ2 and every T > 0, there exists a control h ∈ C(R+;H
s(M)), with support in R+ × ω such
that the unique solution of (5.3) with
(5.13) h˜ =
{
h, if 0 ≤ t ≤ T
0, otherwise
satisfies u(·, t) = 0 for t ≥ T.
Proof. By a compactness argument, there exists an open set ω′ satisfying assumption (A) such that
ω′ ⊂ ω. Let us consider ϕ ∈ C∞(M) a real valued function supported in ω such that ϕ ≡ 1 on ω′.
Consider the systems
(5.14)
{
i∂tu+ Λ
σ
gu = h ∈ L
1(0, T ;Hs(M)),
u(T ) = 0
and
(5.15)
{
i∂tv +Λ
σ
g v = 0,
v(0) = v0 ∈ H
−s(M).
Multiplying (5.14) by v and integrating by parts, we get that
〈−iu0, v0〉 =
∫ T
0
(h, v)L2(M)dt,(5.16)
where u0 = u(0) and 〈·, ·〉 is the duality between H
s(M) and H−s(M).
Now consider the following continuous map
Γ : H−s(M)→ Hs(M),
defined by Γ(v0) = −iu0, with the choice
h = Av = ϕ(x)(1 −∆g)
−sϕ(x)v(x, t).
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By the duality relation (5.16) and definition of Γ, we get that
〈Γ(v0), v0〉 =
∫ T
0
(Av, v)L2(M)
=
∫ T
0
‖Bv(t)‖2L2(M)dt,
where we denoted Bv(t) = (1−∆g)
− s
2ϕ(x)v(t, x). In this way,
〈Γ(v0), v0〉 =
∫ T
0
‖ϕv(t)‖2Hs(M)dt.
Therefore, operator Γ is self-adjoint and satisfies
‖Γ(v0)‖Hs(M) ≥ C‖v0‖H−s(M),
by virtue of the observability inequality (5.4). It, therefore, defines an isomorphism from H−s(M)
to Hs(M), which completes the proof of Theorem 5.1. 
5.2. Controllability for the nonlinear fractional Schro¨dinger equation. We finish this sec-
tion showing Theorem 1.2. The proof is inspired by the works of Zuazua [39] and Dehman et al.
[11, Theorem 3].
Proof of Theorem 1.2. We consider the following two systems
(5.17)
{
i∂tφ+ Λ
σ
gφ+ P
′(0)φ = 0,
φ(0) = φ0 ∈ H
−s
and
(5.18)
{
i∂tu+Λ
σ
gu+ P
′(|u|2)u = Aφ,
u(T ) = 0,
where Aφ := ϕ(x)(1 −∆)−sϕ(x)φ, for s ≥ σ2 . Define, now, the following operator
L : H−s(M) → Hs(M)
φ0 7→ Lφ0 = u0,
with u0 = u(0).
Claim 1. L is onto a small neighborhood of the origin of Hs(M).
Indeed, first split u into u = v + ψ where v satisfies
(5.19)
{
i∂tv + Λ
σ
g v + P
′(0)v −Q(|u|2)u = 0,
v(T ) = 0
and ψ satisfies
(5.20)
{
i∂tψ +Λ
σ
gψ + P
′(0)ψ = Aφ,
ψ(T ) = 0.
Note that u, v and ψ belongs to C([0, T ];Hs(M)) and u(0) = v(0) + ψ(0), that is,
Lφ0 = Kφ0 + Sφ0 = u0,
where
Kφ0 := v(0).
Due to S : H−s(M) → Hs(M) be the linear control isomorphism between H−s(M) and Hs(M)
(see Theorem 5.1), we have that Lφ0 = u0 is equivalent to φ0 = −S
−1Kφ0+S
−1u0. Let us consider
the following operator
B : H−s(M)→ H−s(M)
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defined by
Bφ0 = −S
−1Kφ0 + S
−1u0.
We get that Lφ0 = u0 if φ0 is a fixed point of B. Therefore, Claim 1 is equivalent to find a fixed
point for the operator B near the origin of H−s(M). Let us prove it. To do this, we may assume
T < 1. Since S is a continuous linear operator, we have
‖Bφ0‖H−s(M) ≤ C
(
‖Kφ0‖Hs(M) + ‖u0‖Hs(M)
)
≤ C
(
‖v(0)‖Hs(M) + ‖u0‖Hs(M)
)
.
By Strichartz estimates at level Hs(M) applied to the system (5.19), it follows that
‖Bφ0‖H−s(M) ≤ C
(∫ 1
0
‖Q(|u|2)u(t)‖Hs(M)dt+ ‖u0‖Hs(M)
)
.
From estimate (2.6) we deduce the following
‖Bφ0‖H−s(M) ≤ C
(
‖u‖βY1 + ‖u0‖Hs(M)
)
.
On the other hand, taking
‖φ0‖H−s(M) ≤ R,
with R ≤ 1 small enough, Remark 1 applied to the system (5.18), ensures that
‖u‖Y1 ≤ C sup
0≤t≤1
‖Aφ‖Hs(M)
≤ C‖φ0‖H−s(M).
Therefore,
‖Bφ0‖H−s(M) ≤ C
[(
sup
0≤t≤1
‖Aφ‖Hs(M)
)β
+ ‖u0‖Hs(M)
]
≤ C
(
‖φ0‖
β
H−s(M)
+ ‖u0‖Hs(M)
)
.
Choosing u0 such that
‖u0‖Hs(M) ≤
R
2C
,
we have
‖Bφ0‖H−s(M) ≤ R,
which means that operator B reproduces the ball BR in H
−s(M).
It remains to prove that B is a contraction, so, the proof of Claim 1 is achieved proving the
following:
Claim 2. B is a contraction on a small ball BR of H
−s(M).
Indeed, let us consider the systems,{
i∂t(v1 − v2) + Λ
σ
g (v1 − v2) + P
′(0)(v1 − v2) = Q(|u1|
2)u1 −Q(|u2|
2)u2,
(v1 − v2)(T ) = 0
and {
i∂t(u1 − u2) + Λ
σ
g (u1 − u2) = P
′(|u2|
2)u2 − P
′(|u1|
2)u1 +A(φ
1)−A(φ2),
u1 − u2)(T ) = 0.
Hence,
‖B(φ10)−B(φ
2
0)‖H−s(M) ≤ C‖(v1 − v2)(0)‖Hs(M)
≤ C
(
‖u1‖
β−1
Y1
+ ‖u2‖
β−1
Y1
)
‖u1 − u2‖Y1 .
(5.21)
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On the other hand, a similar estimate applied to u1 − u2 yields that
‖u1 − u2‖Y1 ≤ C
(
‖u1‖
β−1
Y1
+ ‖u2‖
β−1
Y1
)
‖u1 − u2‖Y1 + C sup
0≤t≤1
‖A(φ1 − φ2)‖Hs(M)
≤ C2Rβ−1‖u1 − u2‖Y1 + C sup
0≤t≤1
‖A(φ1 − φ2)‖Hs(M).
Taking R small enough, we get
‖u1 − u2‖Y1 ≤ C sup
0≤t≤1
‖A(φ1 − φ2)(t)‖Hs(M).(5.22)
Finally, combining (5.21) and (5.22), we conclude that
‖B(φ10)−B(φ
2
0)‖H−s(M) ≤ CR
β−1 sup
0≤t≤1
‖A(φ1 − φ2)‖Hs(M) ≤ CR
β−1‖φ10 − φ
2
0‖H−s(M).
Thus, B is a contraction on a small ball BR of H
−s(M). Therefore, Claim 2 is proved and,
consequently, Claim 1 holds. Thus, the proof of Theorem 1.2 is completed. 
6. Concluding remarks and open problems
This manuscript deals with the nonlinear fractional Schro¨dinger equation (or generalized non-
linear Schro¨dinger equation) with a forcing term h = h(x, t) added to the equation as a control
input, namely
(6.1)
{
i∂tu+ Λ
σ
gu+ P
′(|u|2)u = h, on M×]0, T [,
u(x, 0) = u0(x), x ∈M ],
where σ ∈ [2,∞), M is a compact Riemannian manifold with dimension d < [σ] + 1. To conclude
our article, let us discuss some general aspects of this work on the control theory for the NLS-like
equation and its variations on manifolds.
As mentioned at the beginning of the introduction, the well-posedness and controllability of
the NLS on manifolds has been extensively studied in the recent years. Given the relevance of the
physical models associated to the generalized Schro¨dinger equation it would be natural to consider
the same kind of problems for the generalized models.
The pioneer work related with well-posedness for the fractional Schro¨dinger and fractional
wave equations on compact manifolds without boundary is due to Dinh in [14]. He gave the first
step by establishing Strichartz estimates for this model. Precisely, he showed Strichartz estimates
for the fractional Schro¨dinger equations on compact Riemannian manifolds without boundary M
endowed with a smooth bounded metric g. In fact, the result extends the well-known Strichartz
estimate for the Schro¨dinger equation given in [5].
With this nice result in hand, in our work, we establish controllability results for the solutions of
(6.1). The result studied here extends the result presented in [11] in the following sense. Considering
σ = 2 we recovered the well known result for NLS proved by Dehman et al. in [11]. Additionally, our
results ensure a more general framework related with the controllability problem for the NLS-like
equations (see, for instance, [9] for a simple case, σ = 4). In summary, in this manuscript, we are
able to prove control results for the generalized Schro¨dinger equation on any compact Riemannian
manifold of dimension d < [σ] + 1 in which the Strichartz estimates guarantees the uniform well-
posedness and the control operator acts on a region satisfying the Geometric Control Condition.
Even in this general context, there are still open problems to be investigated and this work
opens up numerous possibilities for study, such as:
Problem A: Is it possible to prove a similar control result for the fractional Schro¨dinger equation
(6.1) on manifolds of dimension d ≥ [σ] + 1?
In this case, it is necessary to mention that bilinear Strichartz estimates, similar to the ones
proved in [7], should be proved in order to establish the uniform well-posedness result and, conse-
quently, to use a variation of the techniques employed in this work to achieve the answer for this
question.
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To finish our discussion, we would like to mention facts related with the Geometric Control
Condition (GCC), introduced at the beginning of the work. The exact controllability is known to
be true when geometric control condition is realized for NLS, see for instance, Lebeau [25], but also
for any open set ω of Tn, n ∈ N, see Jaffard [19] and Komornik and Loreti [20]. Additionally, the
exact controllability holds also for general manifolds considering (GCC), see for instance, Laurent
[23]. Moreover, in some geometrical settings, as it was shown in [27], (GCC) is equivalent of the
observability property. In what concerns the fractional model, recently in [38], it was proved that in
the bi-dimensional torus T2, with the flat topology, (GCC) is not only sufficient but also necessary to
achieve the desirable controllability results for the fractional Schrodinger equation with σ ∈ (1, 2).
Thus, taking advantage of the results presented in this paper together with the result showed in
[38], we raise the following questions concerning the fractional Schrodinger equation:
Problem B: Are there relation between geometric control condition and the controllability results
for the generalized Schro¨dinger system?
Problem C: Are there some geometrical settings that geometric control condition is equivalent to
the observability property for the generalized Schro¨dinger system?
Appendix A.
In this appendix we give some results of propagation for solutions of the fractional Schro¨dinger
equation, which were used throughout the paper. The main ingredient is pseudo-differential analysis
together with microlocal analysis. Before presenting them, let us remember some results about
pseudo-differential calculus on manifolds, more precisely, we are particularly interested in giving
more information about the following operators
Λσg = (
√
−∆g)
σ and (1−∆g)
s
2 ,
for σ ∈ [2,∞) and s ∈ R.
A.1. Pseudo-differential operator. Let P : C∞(M)→ C∞(M) be a classical pseudo-differential
operator of order n ∈ N with principal symbol p := p(x, ξ) ∈ C∞(T ∗M\{0}).
Definition A.1. We say that P is an elliptic pseudo-differential operator if p does not vanish in
T ∗M\{0}.
Assume that n > 0 and P is an elliptic and self-adjoint pseudo-differential operator of order
n. Also, let us assume that the principal symbol of P is identically positive on T ∗M\{0}. As a
consequence of the spectral Theorem, there is an orthonormal basis {ej} to L
2(M) of eigenvectors
of P associated to the eigenvalues (λj), such that
P =
∞∑
j=1
λjEj,
where Ejf = (f, ej)L2(M)ej , for f ∈ L
2(M).
Definition A.2. We say that m ∈ C∞(R) is a symbol of order µ ∈ R if we have∣∣∣∣ dαdλαm(λ)
∣∣∣∣ ≤ Cα(1 + |λ|)µ−α,(A.1)
for all α ∈ N.
Consider the operator m(P ) : C∞(M)→ C∞(M) defined by
m(P )u =
∞∑
j=1
m(λj)Eju.(A.2)
The following result holds true for P and m(p).
Theorem A.1. Let P : C∞(M)→ C∞(M) an elliptic and self-adjoint pseudo-differential operator
of order n ∈ N, as above. Therefore, we have:
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(i) The pseudo-differential operator P
1
n , defined by the spectral theorem, is a classical pseudo-
differential operator with order 1 and its principal symbol is given by (p(x, ξ))
1
n .
(ii) If P has order 1, then operator m(P ) : C∞(M) → C∞(M), defined in (A.2), is a pseudo-
differential operator of order µ with principal symbol m(p(x, ξ)).
Proof. The proof can be found in [32, Theorems 3.3.1 and 4.3.1] and, therefore, we will omit it. 
Let us now apply Theorem A.1 for the negative Laplace-Beltrami operator, namely P :=
−∆g with principal symbol p(x, ξ) = |ξ|
2
x. Thus, as a consequence of item (i) in Theorem A.1,
P1 =
√
−∆g is a pseudo-differential operator of order 1 with principal symbol p1(x, ξ) = |ξ|x and
Pσ = Λ
σ
g =
(√
−∆g
)σ
, for σ ∈ [2,∞), is a pseudo-differential operator of order σ with principal
symbol pσ(x, ξ) = |ξ|
σ
x . Note that in the same way we can define the operators (1 − ∆g)
s
2 as a
pseudo-differential operator of order s ∈ R.
Remark 3. Let (M,g) be a compact Riemannian manifold and P1 =
√
−∆g defined as above.
Given ω0 ∈ T
∗M\{0}, ω1 ∈ Γω0 and Γω0 geodesics starting at ω0 with speed 1, consider U and V
conic neighborhoods of ω0 and ω1, respectively. Thus, if c = c(x, ξ) is a symbol of order s− 1, with
s ∈ R, supported in U , there exist b, r symbols of order s− 1 such that
(A.3)
1
i
{|ξ|x, b} = c+ r,
with r supported in the conic neighborhood V of ω1. From this, we can conclude that for any symbol
b1, since
(A.4) {|ξ|σx , b1} = σ|ξ|
σ−1
x {|ξ|x, b1},
for a given symbol c = c(x, ξ) of order s1 ∈ R supported in U , there exists b, a symbol of order
s1 − σ + 1, and r, a symbol of order s1 and supported in V , such that
(A.5)
1
i
{|ξ|σ , b1} = c+ r.
A.2. Propagation of compactness. The final part of this appendix is related to show how the
result of propagation of compactness can be obtained from the construction of a suitable microlocal
defect measures. It is important to point out that the construction of the tangential microlocal
defect measure is classical, in this way we infer the reader the article [16] for an interesting overview
of this topic.
In what follows, let T > 0 and consider {un} := {un}n∈N be a sequence in C([0, T ];H
σ
2 (M))
such that
sup
t∈[0,T ]
‖un(t)‖H
σ
2 (M)
≤ C,(A.6)
sup
t∈[0,T ]
‖un(t)‖L2(M) → 0(A.7)
and ∫ T
0
‖Lun(t)‖
2
H
σ
2 (M)
dt→ 0.(A.8)
Here, the operator L is defined by L = i∂t + Λ
σ
g , with Λ
σ
g defined as before. Thus, we are able to
present our first result of propagation of compactness.
Proposition A.1. Let {un} be a sequence satisfying (A.6)–(A.8), and assume that
un → 0 in L
2([0, T ];H
σ
2 (ω)),
with ω ⊂M an open set satisfying assumption (A). Then, there exists a subsequence of {un}, still
denoted by the same index, such that
un → 0 strongly in L
∞(0, T ;H
σ
2 (M)).
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Proof. First, denote {vn}n∈N := {vn} = {(1 −∆g)
σ
4 un}n∈N. Thus, conditions (A.6)–(A.8) can be
rewritten as
sup
t∈[0,T ]
‖vn(t)‖L2(M) ≤ C,(A.9)
sup
t∈[0,T ]
‖vn(t)‖H−
σ
2 (M)
→ 0(A.10)
and ∫ T
0
‖Lvn(t)‖
2
L2(M)dt→ 0.(A.11)
Since
un → 0 in L
2(0, T ;H
σ
2 (ω)),
we have that
vn → 0 in L
2(0, T ;L2(ω)).
Therefore, the result will be proved if we show that we can extract a subsequence of {vn}, still
denoted by the same index, such that
vn → 0 in L
∞(0, T ;L2(M)).
To prove it, we split the proof into 3 steps. First, let us construct the microlocal defect
measures.
Step 1. Construction of the microlocal defect measure
Under the assumptions (A.9) and (A.10), by using the ideas contained in [16], there exists a
tangencial radon measure µ = µ(t, x, ξ) such that
(A(t, x,Dx)vn, vn)L2(]0,T [×M) →
∫
[0,T ]×S∗M
a(t, x, ξ)dµ(t, x, ξ),(A.12)
for all zero-order tangential pseudo-differential operator A = A(t, x,Dx).
In the second step, we will prove that the microlocal defect measure describes precisely the
information carried along the geodesics of M .
Step 2. Propagation along the geodesics
Consider ϕ ∈ C∞0 (]0, T [) and B(x,Dx) a pseudo-differential operator of order 1 − σ with
principal symbol b1−σ. Define,
A(t, x,Dx) = ϕB(x,Dx)
and for ǫ > 0,
Aǫ := ϕBǫ = Ae
ǫ∆g .
Moreover, denote
αǫn = (Lvn, A
∗
ǫvn)L2 − (Aǫvn, Lvn)L2 .
Note that,
|(Lvn, A
∗
ǫvn)| ≤ ‖Lvn‖L2L2‖A
∗
ǫvn‖L2L2
≤ C‖Lvn‖L2L2‖vn‖L2H1−σ → 0.
Analogously, we have that
|(Aǫvn, Lvn)| → 0,
and so
sup
ǫ>0
αǫn → 0.
On the other hand,
αǫn := ([Aǫ,Λ
σ
g ]vn, vn)L2 − i((∂tAǫ)vn, vn)L2
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Note that,
|((∂tAǫ)vn, vn)L2 | ≤ ‖(∂tAǫ)vn‖L2H
σ
2
‖vn‖L2H−
σ
2
≤ C‖vn‖L2H−
σ
2
+1‖vn‖L2H−
σ
2
→ 0.
Therefore, this yields that
sup
ǫ>0
|((∂tAǫ)vn, vn)L2 | → 0.
So, first taking ǫ→ 0 and, after, n→∞, we get that
(ϕ[B,Λσg ]vn, vn)L2 → 0
which means that, ∫
[0,T ]×S∗M
ϕ(t){b1−σ , |ξ|
σ
x}dµ = 0.(A.13)
Claim: If Gs denotes the geodesic flow on S
∗M , condition (A.13) implies that µ is invariant under
the geodesic flow of S∗M , or equivalently,
(A.14) Gs(µ) = µ.
Indeed, first note that,
{b1−σ , |ξ|
σ
x} =
(σ
2
)
{b1−σ, |ξ|
2
x},
on S∗M . Hence, by using (A.13), we conclude that,∫
[0,T ]×S∗M
ϕ(t){b1−σ , |ξ|
2
x}dµ = 0.(A.15)
Denote H|ξ|2x as the Hamiltonian flow associated with p(x, ξ) = |ξ|
2
x and
Φs : (x0, ξ0) 7→ (xs, ξs), s ∈ R,
the integral curves of H|ξ|2x. Thus, we have that
d
ds
∫
[0,T ]×S∗M
ϕ(t) (b1−σ ◦Φs)dµ =
∫
[0,T ]×S∗M
ϕ(t){b1−σ , |ξ|
2
x}dµ = 0.
This identity precisely expresses property (A.14) which guarantees that the claim holds.
Finally, on the third step, we prove the convergence of {vn}, which implies the convergence of
{un} in all manifolds M , showing thus Proposition A.1.
Step 3. Convergence in L∞(0, T ;L2(M))
From (A.12), if f ∈ C∞(M), we have that
(fvn, vn)L2(]0,T [×M) →
∫
[0,T ]×S∗M
f(x)dµ.
Then,
vn → 0 strongly in L
2
loc(0, T ;L
2(M))
if and only if
µ = 0, on S∗M × [0, T ].
In particular, by hypothesis of Proposition A.1, we get
vn → 0 on [0, T ]× ω,
with ω ⊂M an open set satisfying the assumption (A). Therefore, holds that µ = 0 on [0, T ]×S∗M ,
hence
vn → 0 in L
2
loc(0, T ;L
2(M)),
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which leads to
un → 0 in L
2
loc(0, T ;H
σ
2 (M)).
We finished the proof by taking t0 ∈ [0, T ] such that un(·, t0)→ 0 in H
σ
2 (M) and {un} solving
the equation
i∂tun + Λ
σ
gun = fn,
with initial data un(·, t0) ∈ H
σ
2 (M). By uniqueness of solution and the conservation of energy, we
get that
un → 0 in L
∞(0, T ;H
σ
2 (M)),
which concludes the proof of Proposition A.1. 
The next result links the microlocal defect measures constructed in Proposition A.1 with its
analogue for the nonlinear problem.
Proposition A.2. Let {un} be a sequence in C([0, T ];H
σ
2 (M)) of solutions to
(A.16) i∂tun + Λ
σ
gun + P
′(|un|
2)un = 0,
such that un(0) is weakly convergent to zero in H
σ
2 (M). Then
Q(|un|
2)un = P
′(|un|
2)un − P
′(0)un,
strongly converges to zero in L2(0, T ;H
σ
2 (M)).
Proof. Observe that as P ′ is a polynomial function we can estimate the norm of Q(|un|
2)un in
L2(0, T ;H
σ
2 (M)) by the terms of the form
(A.17) Ik :=
∫ T
0
‖un(t)‖
2k
L∞‖un(t)‖
2
H
σ
2
dt, k ∈ N.
Since the norm of un is uniformly bounded in H
σ
2 (M), by conservation of energy, we get that
Ik ≤ C
∫ T
0
‖un(t)‖
2k
L∞dt.(A.18)
To bound the right hand side of (A.18), note that if (p, q) satisfies (2.1) and ∞ > p > 2k we
can get α′ ∈
]
2
q
,∞
[
. Thus, by using Sobolev embeddings and interpolation, yields that
‖un(t)‖L∞ ≤ C‖un(t)‖Wα′,q ≤ C‖un(t)‖
1−θ
Lq ‖un(t)‖
θ
Wα,q ,
with α = s− 1
p
> d
q
(see also (2.5)) and some θ ∈ [0, 1]. Since 2kθ < p, by using Holder’s inequality,
we get that ∫ T
0
‖un(t)‖
2k
L∞dt ≤
(∫ T
0
‖un(t)‖
β
Lqdt
)δ (∫ T
0
‖un(t)‖
p
Wα,qdt
) 2kθ
p
,(A.19)
with β, δ > 0.
Observe that the second term of (A.19) is uniformly bounded in n ∈ N in view of Remark
1 item ii. On the other hand, the first term goes to zero, as n → ∞, since we can estimate the
norm of un(t) in L
q(M) in terms of its norm in L2(M) and H
σ
2 (M). Observe that, additionally,
the norm of un(t) is uniformly bounded by the energy estimate. Moreover, by the conservation of
the mass, ‖un(t)‖L2 = ‖un(0)‖L2 , where un(0) → 0 strongly in L
2(M), since un(0) → 0 weakly in
H
σ
2 (M), which is compactly embedded in L2(M) by the Rellich Theorem. Summarizing, we have
that
Q(|un|
2)un → 0, as k →∞,
strongly in L2(0, T ;H
σ
2 (M)).
This completes the proof, so Proposition A.2 is achieved. 
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Remark 4. We remark that, in terms of microlocal defect measures, Proposition A.2 asserts that
the measure associated with the nonlinear problem and the one associated with the linear problem
are equals.
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